Supplement to: Goncharov's Relations in Bloch's higher Chow 

Group CH 3 (F,b) 



Jianqiang Zhao* 



Department of Mathematics, Eckerd College, St. Petersburg, FL 33711 

In this supplement we prove the admissibility of all the cycles appearing in the pa- 
per Goncharov's Relations in Bloch's higher Chow Group CH 3 (F,5). First let's recall the 
following two Lemmas: 

Lemma 3.1. (Gangl-Miiller-Stach) Let /, (i = 1,2,3,5,) be rational functions and f^(x,y) 
be a product of fractional linear transformations of the form {aix + biy + c{)/{a2X + b2y + C2)- 
We assume that all the cycles in the lemma are admissible and write 

Z(fiJ 2 ) = L/1,/2,/3,/4,/5] = [fi(x),f 2 (y),Mx),f 4 (x,y)J 5 (y)} 

if no confusion arises. 

(i) If fa{x,y) = g(x,y)h(x,y) then 

[fx, /2, /3, fi, M = [fx, hi h,g, h] + [fx, h, h, h, M- 

(ii) Assume that f\ = f 2 and that for each non-constant solution y = r(x) of fi(x,y) = 
and l/f±(x,y) = one has fzir^x)) = f2(x). 

(a) If h{x) = g(x)h(x) then 

[fx, h, h, U, /s] = [fx, fi,9, fx, /s] + [fx, f2, h, fi, h]- 

(b) Similarly, if f 5 (y) = g(y)h(y) then 

[fx, f2, fz, fx, h] = [fx, fi, h, fx, d] + [fx, f2, h, fx, h}. 

(c) If /1 = /2 = gh and g{r{x)) = g(x) or g{r{x)) = h(x) then 

2Z(f 1 ,f 2 ) = Z(g, f 2 ) + Z(h, f 2 ) + Z{f x ,g) + Z(f u h) (1) 

and 

Z(f 1 ,f 2 ) = Z(g,g)+Z(h,h) + Z(h,g) + Z(g,h). (2) 
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Lemma 3.2. Assume that fi, i = 1,2,3,5, are rational functions of one variable and p 4 
and q4 are rational functions of two variables. Assume that the only non-constant solution 
of Pi(x, y) = 0, oo is y = x and the same for (74 (x, y). 

(i) If fz = gh then 

[fl,f2,f3,P4,M + [/2,/l,/3,94,/5] =[/l, h, 9,P4, fb] + [f2, /l, 9, Q4, fc] 

+ [fi, h, h,p 4 , / 5 ] + [h, fi, h, q 4 , h] 

if all cycles are admissible. A similar result holds if /s = gh. 

(ii) If fi = gh then 

[fl, h, h,PA, h] + [/2,/l,/3,94,/5] =[/l,5,/3,P4,/5] + fl, /3, 94, fb] 

+ [fl,h,f 3 ,P4,fc] + [h,fl,h,q4,fc] 

if all cycles are admissible. 

We want to prove the following 
Theorem 4.1. Goncharov's 22 term relations hold in CH 3 (F, 5): for any a, b, c € 



R(a,b,c) = {-abc} + ({ca-a + l} + { 

cyc(a,6,c) 



ca — a + 1 



ca 



+ l -(ca-a + l) } + U(ca-a + l) ) + {c} - U C (ca-a + l) }- r? J =0 ' (3) 

where cyc(a, 6, c) means cyclic permutations of a,b and c, provided that none of terms is 
{0} or {1} except for n (non- degeneracy condition). 

Step (1). Construction of {k(c)}. 

Let /(x) = x, A(x) = (ax — a + l)/a and -B(x) = 6x — x + 1 . Let k{x) = B(x) / abxA{x) 
and l(y) = 1 — (k(c)/k(y)). By definition 



{k(c)} 



n 1 f 1 fc ( c 
x,y,l -x,l ,1 

x y 



which is easy to see as admissible. In the paper we mentioned that for \i = —{ab — b+l)/a 

4{k(c)} = z(- 



B B \ 
.^fA'JfA)- 



Here for any two rational functions f\ and fi of one variable we set 



Z(fi,f 2 )= /i(x),/ 2 (y),l-A;(x),l 



We here need to prove that the following cycles 



Kv) 

k(x) 



n i f 1 fc c ) 

y,l -x,l- -,1 

x y 



x, 1 — x, 1 ,1 

x y 



i-x,i-^,i-M£) 

x y 
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are admissible and negligible. 



Z x :=[y,l-x,l , 1 

x y 



We have 



%(Z X ) c {t 3 = l}, 0f(Z x ) c {U = l}, ^°(Z X ) C {t 3 = 1}, 
d 3 °°(^) c {t 2 = 1}, C* 4 °°(Z X ) C {t 3 = 1}, 



and 



d° 2 (Z x ) = d$(Z x 



x, 1 — x, 1 



fc(c) 



$(Z X ) = fc(c),l-x,l 



fc(c) 



X 



which are both admissible because 



v ' abcA(c) ^ 



Zy '. [iC, 1 X,l ,1 

x y 



We have 



fl(Zy) C {t 2 = 1}, d?{Zy) C {t 3 = 1}, Sg(Z y ) C {h = 1}, 

^°(^) C {t 3 = 1}, C {t 2 = 1}, af(^) C {t 3 = 1}, 



and 



5 3 °(Z J/ )=5 4 °(Z J/ ) 



x, 1 — x, 1 



fc(c) 



3 2 °(Z, 



which is admissible. 



y k(c) 

Z x ,y '■= [1 — X,l , 1 

x y 



We have 



and 



%°(Z y ) C {t 2 = 1}, ^°(Z„) C {ti = 1}, ^°(Z„) C {t 2 = 1}, 

fc(c)- 



d°(z x ) = a°(z y ) = dl(z y ) 



which is admissible by (4). 

Step (2). The key reparametrization and a simple expression of {k(c)}. 
Applying Lemma 3.1(h) we see that 



4{fc(c)} = Z 



B ' B 



Z(A,A) + Z [^,A) +Z[A,^)+Z(^,^ 



B 



(4) 



Z(A, A) + p x Z(A, A) + P j,Z(A, A) + Px , y Z(A, A) = 4Z{A, A). (5) 
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We only need to show that the following cycle is admissible: 



Z A :=Z(A,A)= A(x),A(y),l-k(x),l 



k(y) 
k(x) 



Note that 



1 - k(x) 
1 - 



(x - 1)(1 + abx) 
abxA(x) 

k(y) (y - x){yB{x) + A{x)) (y - x)(xB(y) + A{y)) 



k{x) 



yA{y)B{x) 



yA(y)B(x) 



(6) 
(7) 



We have 



dl{z A ) c {u = i}, d?(z A ) c{t 3 = i},d°(z A ) c{t 5 = i}, df{z A ) c {u = i}, 

df{Z A ) c {t 4 = 1}, df{Z A ) c {t 3 = 1} u {t 5 = 1}, 9 5 °°(^a) c {U = 1}, 



«9 3 °(^) = [±A(y),l-k(y),l(y) 
d\{Z A ) 



-1 



B{y) 



,A(y),l-k(y),l(y) 
,A(y),l-k(y),l(y) 



A(y),A(y),l-k(y),l(y) 
d$(Z A )= [A{x),A(c),l-k(x),l(x)\ + [A(x),A(y 2 ),l-k(x),l(x) 

where the last equation comes from the two solutions of l(y) = 0: 

A(c 



yi=c and y 2 = — 



ac — a + 1 



a(bc-c + l) B(c) 
By non-degeneracy assumption and 

A(y 2 ) =Pc(A{c)) = cfi/B{c) + 0,oo, 
B(y 2 ) = Pc (B(c)) = -n/B(c) ± 0, oo, 

it suffices to show the following cycles are admissible: 



Pc(c). 



(8) 



(9) 
(10) 



L := 
L" :-- 



A(y),l-k(y),l(y) 



L' :-- 



A(y),A(y),l-k(y),l(y) 



py 



B(y) 



,A(y),l-k(y),l(y) 



• L is admissible. Because l(y) = 1 — yB{c)A{y) / cA{c)B{y) we have 

0?(L) C {t 3 = 1}, TOc{i 2 = l}, d?{L) C {t 3 = 1}, a 3 °°(L) C {t 2 = 1}. 

Moreover, by non-degeneracy assumption we see that (note that A;(l) = k(— 1/ab) = 1 
by (6)) 

(c- 1)(1 +obc) 



A(l)=-^0,oo, Z(l) = l-fc(c 
a 



^0,oo, /( 



a6/ 



frc(ca — a + 1) 
/c(c) ^ 0, oo, 



(l-c)(ab-b+l) , 

a6y 2 + 1 =- / 0, oo. 

be — c + 1 



^0,oo, (11) 
(12) 
(13) 
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Thus both a°(L) = [A(1),Z(1)] + [A(-l/a6),Z(-l/a6)] and 8§(L) = [A(c), 1 - fc(c)] + 
[^(2/2), 1 — ^(c)] are clearly admissible by non-degeneracy assumption, (11), (12), and 
(13). 

L' is admissible. This follows from the above proof for L. 

L" is admissible. This also follows from the proof for L because (iy/B(y) 7^ 0, 00 when 
y = l, -l/ab,c,y 2 by (10). 



Step (3). Some admissible cycles for decomposition of {k(c)}. 
Define the following cycles 

-(b-l)A(x) (b-l)A(y) x-l y-x 



Zi(A,A) 
Zi 

Z 2 (A,A) 
Z 2 

Z 3 (A,A) 
Z3 

Z A {A,A) 
Z 4 



/i 



x ' A(y) 



Ay) 



A{x),A{yl^ y - I( ^Ay) 

jb-l)A(x) (b-l)A(y) x-l , A{ y y 

x 'V y JV A{y)B{x), 
fix 



(b-l)A(x) (b-l)A(y) x-l 



,1- 



fj, fix A(y)B(x 

(b - l)A(x) (b - l)A(y) abx + 1 y-x 



Ay) 



H ' abA{x) ' A(y) 



Ay) 



. , . . , . abx + 1 y-x , . , 
A (x),A(y),——,?—,l(y) 
abA{x) A{y) 

(b-l)A(x) (b-l)A(y) abx + 1 ( A{y)\ 



H fj, ' abA{x) ' V y 

l)A(x) (b-l)A(y) abx + l ( A(y) 

y 



n 1 
)0 



fix 



A(y)B(x) 

fix 
A(y)B(x) 



Ay) 
Ay) 



fj, fi aA(x) 

Claim 1. Modulo admissible and negligible cycles the two cycles Zi(A,A) and Z\ are the 
same and both admissible. 



Zx 



AixlAiy^-l^Ay) 



On di(Zi) we have x = 1 — a 1 and (y — x)/A(y) = 1. By similar argument we get 

d^(Z 1 ) c{U = 1}, <9i°°(^i) c {t 3 = 1}, ^(Zx) c {t 5 = 1}, 
dfiZr) C{t 4 = 1}, C {t 5 = 1}. 

So we still need to show the following cycles are admissible: 

dr(Zi) = 



93 (Z 1 )=ri,A(y),^i,/( y ) 
La A{y) 



l -^L,A{y),^-My) 



£fl(Z 1 )=A(y),A(y),V—±,l{y), d^(Z 1 )= A(x), 



A(y) 
fi x — 1 B(x) 



dl{Z{)= A(x),A(c), 



x — 1 c — x 



x ' A(c) 



+ 



A(x),A(y 2 ), 



6-1' x 
x-l y 2 — x 

x ' A(y 2 ) 



-A* 
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So we still need to show the following cycles are admissible: 



T : = [A(y), (y - l)/A(y),l(y)], U :=[A(y),y/A(y),l(y)}, 
V:=[A(y),A(y),l-y-\l(y)], W :=\A(x), X ~ ' B{x) 



X := 



A{x), 



x — 1 c — X 



x ' A(c) 



Y : = 



A(x), 



x —fi 

x -1 y 2 - x 



x ' A(y 2 ) 



T is admissible. Because l(y) = 1 — ^(e)B(y) we nave 

d° 1 (T)c{t 3 = l}, d?(T)c{t 2 = l}, d?(T)c{t 3 = l}. 

Moreover 8$(T) = [l/a, 1(1)] and 8§°(T) = - 1), -6//i] are clearly admissible by 
non-degeneracy assumption and (11). Lastly, from the two solutions of l(y) = in (8) 
and (9) we get 



Ol(T)= A(c), 



c- 1 



+ 



Aim), 



1/2-1 

Mm) 



which is admissible by non-degeneracy assumption. 
• U is admissible. Similar to T we have 

%(U) c {t 3 = 1}, d<?(U) c {i 2 = 1}, d 2 °(C/) c {i 3 = 1}, a 2 °°([/) c {t 3 = l}. 

Moreover, d^(U) = [/// (6 — 1), a/ (a& — 6 + 1)] is clearly admissible by non-degeneracy 
assumption. Lastly, from (8) and (9) we get 



d° 3 (U) = A(c), 



Mc) 



+ 



Mm), 



2/2 



which is admissible by non-degeneracy assumption. 
• V is admissible. First it's easy to see that 

dl{v) c {u = i}, c {t 3 = i}, <9 2 » c {u = i}, 9 2 °°(y) c {t 3 = i}, 



5 3 °(y) = [l/a,l/a,Z(l)], d?(V) c {t 4 = i}, 



/i 



/i 



6- 1' b- 1 



,6 



From (11) both cycles are clearly admissible by non-degeneracy assumption. Lastly, 
from the two solutions of l(y) = in (8) we get 



d° 4 (V)=[A(c),A(c), 

which is admissible by (9) and 

2/2-1 

2/2 



c- 1 



+ 



A(y 2 ),A(y 2 ) 



2/2-1 

2/2 



1 + abc 
ac — a + 1 



± oo,0. 



(14) 
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W is admissible. We can compute as follows: 

d\{w) c {u = 1}, d?{W) C {t 2 = 1}, d$(W) 
1 - a -1 



, dl(w)= -fi,b 



a /i 

All the cycles above are clearly admissible. 
A is admissible. Similar to W we have 
%(X) C {t 3 = 1}, 
1 — a > 



d?{X) 



d?{X) C {t 2 = 1}, 

c- 1 



, dl(X)= A(c 



a ' A(c) 

All the cycles above are clearly admissible. 
• Y is admissible. Similar to the above we get 

a?(y) c {t 3 = i}, d?(Y) c {t 2 = i}, 



1 -6" 
a /i J 

d 3 °°(W) c {t 2 = 1}. 



d?{Y) 



1 - a 2/2 



a A(y 2 ) 



d$(Y)= A(y 2 



2/2-1 



2/2 



d 2 °(A) 



1 c- 1 



-a' A(c) 
<9 3 °°(A) C {t 2 = 1}. 



^Ma' A(y 2 ) 

^°(y) c {t 2 = i}. 



By (8), (14) and (9) all the cycles above are clearly admissible. This concludes the 
proof that Z\ is an admissible cycle. 



Zi(A,A) = 



(b-l)A(x) (b-l)A(y) x-1 y-x 
H x A(y) 



Ay) 



Throughout the proof that Z\ is an admissible cycle we never use the hyperplane {t\ = 1} 
and moreover (b—l)/fi ^ 0, oo by non-degeneracy assumption. Therefore we can use exactly 
the same proof to show the admissibility of Z\(A,A). 



h l ,A(y), L?,Z(y)l € C\F, 1) A C 2 (F,4) 



x ' A(y) 



Let 



Z' 



It is easy to see that 

^(Z' n ) C {U = 1}, 

flS(^li) 



d^n) C {t 3 = 1}, 



A(y),y-±,l(y) 



My) 



T, df{Z' 11 )= A(y), 



Ay) 



u, 



d!(Z' u ) 

flS(^li) 



,%) =:V, d?(Z' u )c{h = l}, 



A(c 



y 

x — 1 c — X 



x ' A(c) 
fi x — 1 5(x) 



+ 



-4(2/2), 



x-1 y 2 - x 



x ' A(y 2 ) 



=: A' + y', 



L6-1' 



x 



"A* 



=■. w. 
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The admissibility of V',X',Y' and W follows from the proof of that of V,X,Y and W, 
respectively. 



Z12 



M*), ^> V A(iM G c ^ x ) A 4 ) 



Let 



It is easy to see that 



%12 — 



dKZ'u) C {h = 1}, d?(Z' 12 ) C {t 2 = 1}, 



^2) 



1 y-1 



d$(Z> 



12) 



a A(y) 



,l(y) =T>, df(Z[ 2 ) = 



I- a y 



d° 4 (Z' 12 ) = [A(x), 
d?(Z' 12 ) = \A(x), 



y 

x — 1 c — X 



a >A(y) 

l(y)]=V, d?(Z' 12 ) c {U = 1}, 



.1(1/) 



x ' A(c) 
x-1 B(x) 



+ 



A(x), 



x — 1 y2 — x 
x ' A(y 2 ) - 



w. 



X — jU 

The admissibility of T', U' and V follows from the proof of that of T, U and V, respectively. 



6 — 1 6 — 1 x— 1 y 



/i 



// x A{y) 



l(y) 6 C l {F, 1) A C^-F, 1) A C 1 (F, 3) 



Let 



13 



x — 1 2/ — x 



It is easy to see that ^(Zjg) C {£3 = 1} and 



d\{Z> 



13 J 



d°2(Z' 13 ) 



y-i 



,l(y) =:V", ^(^3) 



^3) = 



y 

x — 1 c — X 



x — 1 B(x) 



x ' A(c) 



+ 



x-1 yi — x 
x ' A(y 2 ) 



x —/j, 
= : X" + Y". 



= : W", 



The admissibility of T" , U", V", X" , Y" and W" is easy to check. It also follows from the 
proof of the admissibility of T, U, V, X, Y and W, respectively. 
All the above justifies the use of Lemma 3.1(ii)(c)(2) to get: 

Z 1 (A,A) = Z 1 + Z 11 + Z 12 + Z 13 . 



Claim 2. Modulo admissible and negligible cycles the two cycles Z 2 (A,A) and Z 2 are the 
same and both admissible. 
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z 2 = 



(b-l)A(x) (b-l)A(y) x-l 



1 - 



/IX 



x 



A(y)B(x) 



It's not hard to see that 

a?(z 2 ) c {t 3 = i}, d° 2 (z 2 ) c {t 5 = i}, a 2 °°(z 2 )c{t 4 = i}, 

a 3 °°(z 2 ) c {t 4 = i}, 5 4 °°(Z 2 ) C {h = 1} U {i 5 = 1}, 9 5 °°(Z 2 ) C {t 2 = 1}, 



and 



d° 3 (Z 2 ) 
dl{Z 2 ) 
d° 5 (Z 2 ) 



(b-l)A(y) 1 



y 



Kv) 



H l- a A{y) 

6-1 (5 - l)A(y) a6y + l 
a/j, ' /i ' a6^4(y) 
(6-l)i/ (6-l)A(y) a6y + l 



=: 17'", 

i(y) , 

B{y) ' /i 'a6A(y)' /(y) .' 
(6-l)A(x) (6-l)i4(c) x-l y 2 -x 



+ 



- l)^(a) 



/x x y 2 B(x) 

l)A(y 2 ) x — 1 c — x 
|U ' x ' cB(x) 



Then {/'" is admissible similar to U. By non-degeneracy assumption it suffices to show the 
following cycles are admissible: 



P : = 
R := 



(b-l)A(y) aby + 1 



H abA{y) 
(b — \)A(x) x — 1 y 2 — x 



x ' y 2 B(x) 



S :-- 



(b-l)y (b-l)A(y) aby+l 
B{y) ' » ' abA(y) 
(b-l)A(x) x-l c-x 



Ay) 



/i 



' x ' cB(x) 



P is admissible. We have 



0?(P) c {t 3 = 1}, 3f (P) c {t 2 = 1}, a 2 °°(P) c {i 3 = 1}, 9 3 °°(P) c {ti = 1}, 



d° 2 (P) = 



6-1 



a6/ 



, 5 3 °(P) = 



l)A(c) a6c+li r(6-l)A(y 2 ) a6?/ 2 + 1 



+ 



jj, ' a6A(y 2 ) 



/i abA(c 

All the cycles above are admissible by (12), (14), (9) and (13). 
Q is admissible. First it's easy to see that 

3?(Q) c {t 4 = 1}, 8?°(Q) c {t 2 = 1}, <9 2 °(Q) c {t 4 = 1}, 9 2 °°(Q) c {t 3 = 1}, 
d° 3 (Q) = [(1 - b)/(ab - 6 + 1), (6 - l)/6, /(-l/a6)], 9 3 °°(Q) C {i 4 = 1}, 



dl{Q) 



(6-l)c (6-l)A(c) a6c+li r(6-l)y 2 (6 - l)A(y 2 ) a6y 2 + 1 



5(c) ' n ' a6A(c 
5 4 °°(Q) = [ / u/(6-l),M/(6-l),6]. 



+ 



B(y 2 ) n ' a6A(y 2 ) 

All the cycles in the above are admissible by (9), (14), (12) and (13) and (10). 
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• R is admissible. This is because that the zeros and poles of the three coordinate 
functions are all distinct. 

• S is admissible. Same as R. 

This concludes the proof that Z 2 is an admissible cycle. 



z 2( a, A) = [P-iMM, O-'Mto), £zi, (M) (i 



A{y)B{x) 



We can use exactly the same proof for Z 2 except the following modifications. 

First, we need to look for places where we used {£4 = 1}. Then only the following needs 
to be re-considered: 



df(Z 2 {A,A)) 



(l-6)(l-o) (b-l)A(y) A{y) 



ab — b + 1 n 
which can be checked to be admissible as follows: Let 

-(b-l)A(y) A{y) 



Ay) 



N 



/i 



y 



(15) 



Then 



%(N) C {t 3 = 1}, &?(N) C {t 2 = 1}, 9 2 °(iV) C {t 3 = 1}, d?(N)c{t 3 = l}, 



d° 3 (N) = 



(b-l)A(c) A(c) 



l)A{y 2 ) A(y 2 



yi 



, d?(N)c{t 1 = l}. 



This shows that N, hence d^(Z 2 (A, A)), is admissible. 

Second, R (resp. S) is still admissible if we multiply the third coordinate by A(c)/c 
(resp. A(y 2 )/y 2 ) because the three coordinate functions of the modified cycle still have 
distinct zeros and poles. 



^21 



L ;U /i x V y / J 



This cycle is product of two admissible cycles [(b — 1)A(x)//j,, (x — l)/x] and N given by 
(15). 

All the above justifies the use of Lemma 3.1(i) to get 

Z 2 (A,A) =Z 2 + Z 21 . 

Claim 3. Modulo admissible and negligible cycles the two cycles Z%{A,A) and Zj, are the 
same and both admissible. 



. , . . , . abx + 1 y — x ' 
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It's not hard to see that 

c{t 4 = 1}, 3°°(Z 3 ) c {t 3 = 1}, d° 2 (Z 3 ) c {i 5 = 1}, 

d?(z 3 )c{u = i}, %°{z 3 )c{u = i}, dF(z 3 )c{t 5 = i}. 

So we still need to show the following cycles are admissible: 

8^{Z 1 ) =\A(-l/ab),A(y),^±±,l(yj\, = \A(y),A(y), ^±i, l(u ) 



d^(Z 1 ) = A(x), 



abA(y) 
\i abx + 1 B(x) 



a 5 °(Z 1 )= A(x),A(c), 



b — 1 ' abA(x) ' — fx 

abx + 1 a(c — x) 



+ 



A{x),A{y 2 ), 



abA{y) 



abx + 1 ?/2 — x 
aM(x) ' A(y 2 ) 



a6^4(x) ac — a + 1. 

By non-degeneracy assumption it suffices to show the following cycles are admissible: 

abx + 1 B(x)- 



C':= 
E : = 



abA{y) 

. , , abx + 1 c — x 
A(x), 



abA(x) ' A(c) 



C : 
F := 



A(y),A(y),^±±,l(y) 



A(x), 



abA(y) 
abx +1 y2 — x 



D :-- 



A(x), 



abA(x) ' —fi 



These are all admissible by easy computations. The only non-obvious one identity is yi 
(a — l)/a = A(y 2 ) which is used to show that F is admissible. 



Z 3 (A,A) 



(b-l)A(x) (b-l)A(y) abx + 1 y-x 
' Jl ' abA(x) ' ~A(y)'' 



i(y) 



Throughout the proof that Z 3 is an admissible cycle we never used the hyperplane {ti = 1} 
or \t 2 = 1} and moreover (b — ^ 0, oo by non-degeneracy assumption. Therefore we 
can use exactly the same proof to show the admissibility of Z 3 (A, A). 



Z 3 i 



abA(x) ' A(y) 



Let 



Then 



Z31 



abx + 1 y-x 
A{y) >^AW>AtyJ ,{y) 



d«(z' 31 )c{t 4 = i}, d?{z' 3l ) c {t 3 = 1}, d?(z' 31 )c{t 3 = i], d?(z 31 )c{u = i}, 

and 



d° 2 (Z' 31 ) = A(y), 



dl(Z> 



31/ 



d?{Z> 31 ) 



A(c 



aby + 1 
abA(y) ' 
abx + 1 c — x 
abA(x) ' A(c) 
fi abx + 1 B(x) 



abx + 1 y2 — x 



Av) =C, 



+ 



-4(2/2), 



a&A(x) ' A(y 2 ) 



: E' + F', 



b — 1 ' a6^4(x) ' —fi 



-:D'. 
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The cycles E',F' and D' are admissible because the coordinate functions have different 
zeros and poles. 



Z 3 2 



Let 



7' - 

^32 — 



abx + 1 y-x 



Then 

^32) C {i 3 = 1}, d?{Z> Z2 ) C {t 2 = 1}, 3?>(^ 2 ) C {t 3 = l}, W 2 )c{t 4 =l}, 
and 



32' 



l\ aby+l 



V a6 / ' a> 



32 J 



A(y),^,i(y) 



^32) = A(x 



9 4 °°(^2) 



a6x + 1 c — x 
a6.4(x) ' A(c) 
a6x + l 5(x)- 



+ 



A(x), 



abx + 1 2/2 — x 

^M(x) , ^2) 



abA{y) ' 
= E + F, 



c, 



abA(x) ' — (i 



D. 



The coordinate functions of C" are all distinct because of (14), (9) and (13) so that all the 
above cycles are admissible. 



J 33 



6 — 1 6 — 1 a6x + 1 y — x 
fx ' fx ' a6^4(x) ' A(y) 



,l(y) eC 1 (F,l)AC\F,l)AC\F,3) 



Let 



Then 



-^33 



a6x + 1 y — x 



abA{x) ' A(y) 



d ^) 
d° 2 (Z' 33 ) 
d$(Z 33 ) 
d?(Z' 33 ) 



aby + 1 



abA(y) 
aby + 1 



abA{y) 
abx + 1 c — x 



Av)\ =-C", ffi 3 )c{t 2 = i}, 

,i(y)l=C"", ^°(^) C {t 3 = 1}, 



+ 



a6A(x) ' A(c) J La6A(x) ' A(y 2 ) 



abx + 1 y 2 — x 



--: E" + F", 



abx + 1 5(x) 



a6A(x) —fj, 



--: D". 



The admissibility of C", E", F" and D" is easy to check. 

All the above justifies the use of Lemma 3.1(ii)(c)(2) to get: 



Z 3 (A, A) = Z 3 + Z 3l + Z 32 + Z 33 . 
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Claim 4. Modulo admissible and negligible cycles the two cycles Z±(A,A) and Z 4 are the 
same and both admissible. 



(b - l)A(x) (b - l)A(y) abx + 1 M(y)w 
/i /i ' aA(x) ' V y / V 



A(j/)B0r) 



Note that 



/J.X 



y / v A(y)B(a;; 
It's not hard to see that 



xB{y)+A(y) yB(x) + A(x) 



yB(x) 



yB{x) 



(16) 



d°(Z 4 ) C {U = 1}, 5 2 °(Z 4 ) C {t 5 = 1}, <9 2 °°(Z 4 ) C {U = 1}, 

d 3 °°(Z 4 ) C {t 4 = 1}, 0f (Z 4 ) C {h = 1} U {t 5 = 1}, 9 5 °°(Z 4 ) C {*! = 1}, 



and 
d?{Z A ) = 
9 4 °(Z 4 ) = 

dl(z 4 ) = 
+ 



( b -l)A {y)A ^ Ay)l dl{Z4) 



\i {b-l)y 
l)y (b-l)A(y) y-l 



b-1 (b-l)A(y) y-l 



Ay) 



Ay) 



B{y) ' M y 
b-l)A(x) (b-l)A(c) abx + 1 xB(c) + A(c) 



fi H ' aA(x) ' cB(x) 

l)A(x) (b-l)A(y 2 ) abx + 1 xB(y 2 ) + A{y 2 ) 



fj, fi ' aA(x) ' y2B(x) 

By non-degeneracy assumption it suffices to show the following cycles are admissible: 



G := 
I := 
K : = 



(b-l)A(y) B(y) 



n n ~Av) 
H (b-l)y 

(6-l)y (b-l)A(y) y-l 



H : = 

-Ay) 

B(y) \i y J 

(b - l)A(x) abx + 1 xB(y 2 ) + A(y 2 



(b-l)A(y) y-l 



Ay) 



J := 



b - l)A(x) abx + 1 xB(c) + A(c) 
/i ' aA{x) ' cB(x) 



/i ' aA(x) ' y2B(x) 
G is admissible. We have 
0?(G) c {t 3 = 1}, 0f(G) c {t 2 = 1}, <9 2 °(G) c {tx = 1}, 9 2 °°(G) c {t 3 = 1}, 



d 3 °(G) 



(6-l)A(c) B(c) 



/i 



'(&-!)* 



+ 



l)A(y 2 ) B(y 2 ) 



V '(6-l)j/2 



, 3 3 °°(G) c {i! = 1}. 



It follows from (14), (9) and (13) that Sg(G) is admissible. 



• H is admissible. The three coordinate functions have distinct zeros and poles because 
of (14) and (9). 
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I is admissible. We have 

0?(J) c {U = 1}, c {t 2 = 1}, $(/)c{t 4 = l}, ^°(/) C {t! = 1}, 

■6-1 6-1 



92(1) 



.1(1) 



6 a/x 
(6-l)c (6-l)A(c) c-1 



^(7) C {t 4 = 1}, dfOO C {t 2 = 1} 

(6-l)y 2 (b-l)A(y 2 ) y 2 - 1 



B(c) ' 



+ 



/X 



y2 



All the cycles are admissible by (9), (10), (11) and (14). 



• J and K are admissible. By considering the zeros and poles of the coordinate functions 
it is easy to see that the only nontrivial thing is to check that d±(J) C {£3 = 1} and 
d^°(K) C {t% = 1} which follows from equation (16). For example, the zero of the 3rd 
coordinate of J (resp. K) is —A(c)/B(c) = y 2 (resp. —A(y 2 )/B(y 2 ) = c). 

This concludes the proof that Z4 is an admissible cycle. 



p H abA(x) V y J V 



A(y)B(a;) 



We can use exactly the same proof for Z4 except that instead of I, J and K we need to 
show I', J' and K' are admissible where 



/':= 
J':= 
K': = 



(6-1)// (b-l)A(y) y-l 



B(y) p by 

(b-l)A(x) abx + l xB(c) + A(c 



p ' a6A(x) ' cB(x) 
l)A(x) abx + 1 xB(y 2 ) + A(y 2 



/x ' a6^4(x) ' y 2 B(x) 



Exactly the same proofs are valid because in the proof of I we didn't use the hyperplanc 
{*3 = 1} while for J and K we didn't use {t 2 = 1}. 



Z41 = 



/xx 



(b-l)A(x) (b-l)A{y) 1 /%)w 

/x ' /x '6'v y A A(y)S(x; 



€ C^F,!) AC 2 (F,4) 



The same argument for Z 4 (A,A) goes through without any problem. 
All the above justifies the use of Lemma 3.1(ii)(a) to get 

Z 4 (A,A) =Z 4 + Z 41 . 



Step (4). Decomposition of p x Z 2 (A,A) + p y Z 4 (A,A) = X 1 - X 2 . 
We need to show 

Xi = Xu + X12, x 2 = X 2 \ + x 22 , 
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where 



X u = 

X\2 = 
X2I = 
X22 = 



(b — l)x A(y) abx + 1 y — x 



Kv) 



B(x) —fiy aA(x) A(y) 
A(x) (b — l)y abx + 1 fi(x — y) 



-fix' B(y) ' aA(x) ' A(y)B(a 



B(x) ,„ abx + 1 y — x ' 

; .,(1-6)1/ _ __, 



(6-l)x ; 



n _w B ^ abx + 1 ~ j/) 7/ \ 

11 ftjX '(6-l)y' aA(x) ' A(y)B(x) 



are admissible. 



(6 — l)x A(y) ate + 1 y — x 
5(x) aA(x) ' 



We have 



dHXii) C {t 3 = 1}, $(*n) C {t 5 = 1}, ^°(*n) C {t 5 = 1}, 
a 3 °°(X 11 ) C {t 4 = 1}, d?(X n ) C {t 5 = 1}, d 5 °°(*ii) C {i 2 = 1}, 



and 



fi?(*n) 
9 4 °(X n ) 



A(y) 



-/xy ' 1 - a' A(y) 
b - 1 aby + 1 



,i(v)l == u^, 



Ay) 



an ' — fxy ' abA(y) 
(6-l)j/ A(y) afy + l 



=: P', 



+ 



B(y) ' -/V aA(y) 
(6 — l)x A(c) ate + 1 c — x 

B(x) '^c/? aA(x) ' A(c) 
(b - l)x A(y 2 ) ate + 1 j/ 2 - x 



. B(x) ' -y 2 £i' aA(x) ' A(y 2 ) 



=: Mi + M 2 . 



All these cycles are admissible by arguments similarly to those for U, P, and Q. For 
(i = 1, 2) we can see that the coordinate functions have distinct zeros and poles. 



X 
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~A(x) (b — l)y abx + 1 jjl{x — y) 



I -fix' B(y) ' aA{x) ' A(y)B(x) 



Ay) 



We have 



%(X 12 ) C {i 4 = 1}, d° 2 (X 12 ) C {i 5 = 1}, df{X l2 ) C {i 4 = 1}, 

df(X 12 ) c {t 4 = 1}, <9 4 °°(X 12 ) c {t 5 = 1} u {t 3 = 1}, 9 5 °°(X 12 ) c {t A = 1}, 



15 



and 



d° 3 (X 12 ) 
dt{X 12 ) 



(6 - l)y 1 -fiy 



a, 



B(y) 'l-aM(y) 
- l)y aby + 1 



Kv) =-Q", 



B(y) ' aA(y) 
A{y) (6-l)j/ aby + 1 



,%) =-Q', 



d$(X 
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-m' B (y) ' a -4(y) 

A{x) (6 — l)c a6x + 1 /u(x — c) 



+ 



-Hx ' 5(c) ' aA(x) ' A(c)B(x 
A(x) (6 - l)y 2 abx + 1 fi(x - y 2 ) 



-fix B{y 2 ) aA{x) A{y 2 )B(x) 



~-:N 1 +N 2 . 



Both Q" and Q'" are admissible by argument similarly to that for Q. For Ni (i = 1,2) we 
can see that the coordinate functions have distinct zeros and poles except when A(x) = 
which implies that t 4 = 1. 



-^21 



B{x) abx + 1 y - x 



(6- l)x : 



aA{x) ' A(y) 



We have 



3?(*2i) C {t 3 = 1}, d° 2 {X 2l ) C {t 5 = 1}, d?(X 21 ) C {i 4 = 1}, 
d?(X 21 ) C {t 4 = 1}, d?{X 21 ) C {t 5 = 1}, d^{X 21 ) C {t 2 = 1}, 



and 



d?(X 21 ) 

o!(x 21 ) 



(1 - b)y 



1 



l-a A{y) 

aby + 1 



,i(v) 



d° A (X 
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6-1 
5(y) 



a6A(y) 



5 5 °(^2l) = 



(6-1)!/ 
B(x) 



a6x + 1 c — x 



(4) 



+ 



(6- l)x 

■B(a) 
(6- l)x 



, (1 - 6)c, 



, (1 - 6)2/2, 



aA(x) ' A(c 
a6x + 1 y 2 — x 



aA(x) ' A(y 2 ) 



=: Oi + <9 2 . 



All these cycles are admissible by arguments similarly to those for [/, P, and Q. For Oj 
(i = 1,2) we can see that the coordinate functions have distinct zeros and poles. 



-^22 



(I - h)r Bi3j) abX + 1 ^ X ~ ^ 

U ' jX '(6-l)y' aA(s) ' A(y)S(x) ' 1{V) 



We have 



d 2 °(X 22 ) c {U = 1}, 9 2 °°(X 22 ) c {h = 1}, d 3 °°(X 22 ) c {t 4 = 1}, 



3 4 00 (X 22 )c{t5 = l}u{t 3 = l}, 



9 5 °°(X 22 ) c {t 4 = 1}, 
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and 



9 1 °(X 22 ) 
d?(X 22 ) 

OKX22) 
dl(X 22 ) 

OKX22) 



B{y) 



1-a A{yY 



B(y) aby+1 



,i(y)\ =-Q", 
Ay)] =■■ Q {i \ 



ah '(6-l)y' aA(y) 

B{y) aby + 1 



Av) 



-Q"', 



+ 



(1-%, 

(l-b)x, 
(l-b)x, 



l(y)] =■■ Q {5 \ 



(6-1)2/' aA(j/) 
-B(c) a&x + 1 /u(x — c) 



(6- l)c' aA(x) ' A(c)B(s). 
B(y 2 ) o6x + 1 - j/2 



Pi+P 2 - 



(6-l)y 2 ' aA(x) ' A(y 2 )B(x) 

All these cycles are admissible by argument similarly to that for Q. For Pi (i = 1,2) we can 
consider the coordinate functions and see that they have all distinct zeros and poles. 

Step (5). Computation of X\. 

Set 



,. ,. abx + 1 (i(x- y) 
h, 72, — "T77v^77T> 'U/J 



aA(x) A(y)S(a:) 

We want to show that by throwing away the appropriate admissible and negligible cycle we 



have 



Xi = z( 



(6-1)/ A 



5 -M/ 

For this step we need to use Lemma 3.1(i) to get 

~(b — l)x A(y) abx + 1 (i(x — y) 



X\z :- 



B(x) ' -fiy' aA(x) ' A(y)B(x) 
(b — l)x A(y) abx + 1 y — x 



Ay) 



+ 



B(x) ' — jiy ' aA(x) ' -A(y) 
(b — l)x A(y) abx + 1 — \i 
B(x) ' — jiy ' ayl(x) ' 5(x) 



«(y) 



r : Xu + X14. 



So it suffices to show that both X13 and X14 are admissible. It's obvious that X14 is the 
product of two admissible cycles 



l)x a&x + 1 



"A* 



£(x) ' aA(x) 'Ti(x) 



A(y) 
-mi/' 



while the admissibility of X 13 can be shown by the same argument as that for X n except 
for the last step 



9 5 °(X 



13 J 



(b — l)x aA(c) abx + 1 /x(x — c) 



+ 



B(x) '{ab-b+iy aA{x) ' A(c)B(x 
b — l)x aA(y 2 ) abx + 1 (i(x — y 2 ) 



B(x) '(06-6+1)3/2' aA(x) ' A(y 2 )B(x) 



-: R\ + R 2 . 
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By consideration of the zeros and poles of the coordinate functions we can show that Ri 
(i = 1, 2) is admissible because B(x) = implies £3 = 1. 
Next we want to show 

Z 3 (F,F) = Z(F,F)foiF=j, I I 



where 



L I 

B' B 



l)x (1 — 6)y a&x + 1 y — x 



Hb>b 



B(x) ' £(y) ' aA(x) ' y£(x) 
A(x) A(y) a&x + 1 y — x ' 
-fix ' -fiy ' aA(x) ' A(y) ' 
A(x) A(y) abx + 1 fx(x — y) 



B(xy B{ y y aA{x) A{y)B(x) 



Ay) 



(17) 
(18) 
(19) 



To prove these it suffices to show the following: First, 
(b — l)x (l — b)y abx + 1 —Liy 



B(x) ' B(y) ' aA(x) ' A(y) 



,%) eC 1 (F,2)AC 2 (F,3), 



A{x) A(y) abx + 1 — a/j, 
—fix' —Liy' aA{x) ' B(x) 



,l(y) eCHF,2)AC 2 (F,3) 



are both admissible and negligible which is not hard to see. Then all the following are 
admissible and negligible: 

((,-!)* b _ h ^^ Ay)] €C l (Fil)AC 2 (J?i4) _ 



5(x) aA(x) ' y5(s 

— 1 A(y) abx + 1 y — x 
li ' -//y ' ou4(x) ' A(y) : 
A(x) —1 abx + 1 y — x 



Z(y)j GCV.l) AC 2 (F,4), 
id/)! GCV.l) AC 2 (F,4), 



— lix ' /i ' aA{x) ' A(y) 

V ~M^) Av) \ G 1} A 1} A Cl(F ' 3) for any M ^ °- 

We only need to note that B(x) = implies £3 = 1 and that yA(y) = implies £5 = 1 for 
all the above cycles, and B(y) =0 implies that £4 = 1 for the first two cycles. 

Step (6). Decomposition of X 2 = Y\ + Y 2 + I3 + Y 4 . 

Put 

, x abx + 1 y y 2 -y 

v{x) = h(y) = l--, h{y) = — 

aA(x) c y2-B(y) 

which satisfies 

hivMv) = Ky) = 1 - j^, h(0) = h(o) = 1. 
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Then it follows from Lemma 3.2 (i) that 

X 2 = Y 1 + Y 2 + Y 3 + y 4 



where all of the cycles 

Y 2 
Y 3 
Y 4 



B{x) abx+1 y-x . 

( 6 ~ l )V> — aT^T' ~TTT' 'i(y) 



L(6- l)x ; 



r/,_-n B ( y ) abx + l - y) , , ; 

^ ^ _ i) y ' a A( x ) ' A(y)B(x) ' 1{V) 

(b-l)x abx + 1 y -x 

( b ~ l )Vi — JT^'-TT^' Z 2(y) 



B(x) 



aA(x) A(y) 



<u i\ { h ~ l )v abx + l n(x-y) , , 



B(y) aA(x) A(y)i?(x) ' 
are admissible. This breakup is the key step in the whole paper 



Yi 



B(x) abx + 1 y-x 

-> ( b - — 77-^, "tt^T' My) 



(6- l)x : 



oA(x) ' A(y) 



We have 



S?(Yi) C {t 3 = 1}, 3°^) C {t 5 = 1}, d 2 °°(^i) C {U = 1}, 

^°(Yi) c {u = i}, a 5 °°(y 1 )c{t 4 = i}, 



and 



dT(Yi) 
dl{Y{) 
dl{Y{) 

dT(Yi) 



(fe-i)y, 



l-a' A(y) 



,1 



y 



B (y) f h ,n a^y + i n y 

L(6-l)y aA(y) a 

5(x) (6-l)(a-l) abx + 1 ac-a + 1 



(b- l)x' 
B(x) 



.(6- l)x 

All these cycles are clearly admissible. 



,(6-l)c, 



a ' aA(x) 

abx + 1 c — x 



ac 



aA(x) ' aA(c) 



y 2 



i7,_-n B ^ abx + 1 K x - y) , , , 

{b iJX '(6-l)y' aA{x) ' A(y)B( X y h[y) 



(20) 



We have 

d° 2 (Y 2 )c{t 4 = l}, d?(Y 2 ) c {i 5 = 1}, 9 3 °°(y 2 ) C {t 4 = 1}, <9 5 °°(Y 2 ) C {t 2 = 1}, 
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and 



d?{Y 2 ) 



B(y) 1 
(6-l)y'l-a' A(y)'* c 



m l _y 



-,b, 



TO)=[(6-l)i, 

a°(y 2 )= [(&-!)*, 



g(j/) 

(6-1)^"" (6-l)A(j/) 
1-6 g(y) + 1 

a6 '(6-l)y' aAfo) 

a6y + 1 c - y 





cJ 


,1 


_ y~ 




C- 


-,1 


_ y~ 

C- 



(ft-l)y' aA(y) ' c 
a6 — 6 + 1 a6x + 1 ac — a + 1 



(6-l)(a-l)' aA(x) ' ac 

B(c) abx + 1 fi(x — c) 
(b-l)c aA(x) ' A(c)5(x) 



All these cycles are clearly admissible. 



la 



(6- l)x a6x + 1 y - x 



B(x) 



aA{x) ' A(y) 



We have 



%°(Y 3 ) c {t 3 = i}, a 2 °(y 3 ) c {t 5 = i}, a 2 -(y 3 )c{t 4 = i}, 
^°(y 3 ) c {t 4 = i}, a 5 °°(y 3 )c{t 4 = i}, 



and 



5 1 °(y 3 )= [(6-l)y, 
6-1 



1 



y V2 - y 



d$(Ys) 

5 4 °(y 3 ) 
5 4 °°(y 3 ) 
5 5 °(y) 



l-a' A(yYy 2 B(y) 
aby + l y 2 -y 



(ft -1)2/ 
5(1/) ' 
(6- l)x 



,(6-1)1/ 



(6-i)y, 



a6A(y)'y 2J B(y). 
aby + l y 2 -y 



aA(y) ' y 2 £(y) 
l)(a-l) a6x + l 



ac 



L B(x) 
(6- \)x 



V B(x 

All these cycles are clearly admissible. 



, (& -1)1/2, 



a ' a-A(cc) ' ac — a + 1 

a6x + 1 y 2 — x 



aA(x) ' A(y 2 ) 



y 4 = 



^ n (ft -1 )?/ a6x + l n(x-y) 



We have 

a 2 °(y 4 ) c {t 5 = i}, any) c {u = i}, d 3 °°(y 4 ) c {t 4 = i}, <9 5 °°(y 4 ) c {t 2 = i}, 
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and 



d?{Y A ) 
d°(Y 4 ) 

<9 4 °°(l4) 

0° 5 (Y 4 ) 



(ft - 1)2/ i -w 2/2-2/ 

B(y) > 1 - a' A(yY y 2 B(y) 



1)2/ 



/i 



J/2-1/ 



5(y) ' >(b-l)A( y yy 2 B(y). 
1 ~ ft (ft ~ 1)2/ 1 2/2-2/ 

(5 _ i) y ( b ~ ab y + 1 2/2-2/ 

(b-l)x, 
(b-l)x, 



B{y) ' aA(y) ' y 2J B(y) 
(6-l)(a-l) afcc + 1 



ac 



ab — b + 1 ' aA(x) ' ac — a + 1 
(6 - l)y 2 ate + 1 m(z - 2/2) 



£(y 2 ) ' aA(z) ' ^(2/ 2 )^(x) 



All these cycles are clearly admissible. 
Step (7). Computation of Y 1 + Y 2 . 
Set 



a 



and 



f (x) 
r 4 (x,y) 



abx + 1 

aA(x) ' 

~ 2/) 

A(y)Bfx)' 
(b-l)(y-x) 



6c — c 
be - c + 1 ' 



1 

6 : 



04(^,2/) = 
w 4 (x,y) = 



(b-l)x' 
y - x 

y-x 

B(x)(y-iy 



h(x) = {b- l)x, 

(b-l)(y-x) 



s 4 (x,y) 



B(y) 



such that aZi(l/(l — 6)) = Sv(oo) = 1. By Lemma 3.1(h)(1) we get 

2[gh,gh,Sv,q 4 ,ah] =\gh,gh,5v,q 4 ,ah] + [gh, gh,5v, s 4 ,ah] 
= [g,gh,Sv,q 4 ,ah] + [h, gh, 5v, q 4 , ah] 
+ [gh, g, Sv, s 4 ,al\] + [gh, h, 5v, s 4 , al±] 

are all admissible. Then applying Lemma 3.1 and Lemma 3.2 repeatedly we get 

[g,gh,5v,q 4 ,ah] + [gh, g, 5v, s 4 , ah] 
= [g,gh,Sv,q 4 ,ah] + [gh, g,5v,r 4 ,ah] 
= \g,gh,v,qi,ah] + [gh,g,v,r 4 ,ah] 
= [g,gh,v,q 4 ,ah] + [gh,g,v,w 4 ,al{\ 
= \9,9h,v,q4,h] + [gh,g,v,w 4 ,h] 
= [g,gh,v,q 4 ,h} + [gh,g,v,p 4 ,h] 

= [g,h,v,q 4 ,h] + [h,g,v,p 4 ,h] + [g, g,v,q 4 ,h] + [g, g,v,p 4 ,h] 
= [g,h,v,q 4 ,h] + [h,g,v,p 4 ,h] + 2[g, g,v,p 4 ,h}. 
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Again applying Lemma 3.2(i) and (ii) and Lemma 3.1 (ii) , we have 



[h, gh, Sv,q$, ah] + [gh, h, 5v,S4, al±] 
= [h, gh, Sv, <? 4 , h] + [gh, h, Sv, s 4 , h] 
= [h, gh, Sv, g 4 , Zi] + [gh, h, Sv, g 4 , h] 
=[h,g,Sv,q4,h] + [g,h,5v,q A ,h] + 2[h,h,5v,q i ,l 1 ] 
=[h,g,v,q4,h] + [g,h,v,q4,h] + 2[h,h,5v,q 4 ,h] 
= [h,g,v,p4,h] + [g,h,v,q A ,h] + 2[h,h,5v,q i ,l 1 \. 

Let's prove the admissibility of all the cycles appearing in these equations. 

• [gh, gh, Sv, q±, al±] is admissible. 



abx ~\~ 1 y — x 

[B,B] := [gh,gh,5v,q A ,ah] = B{x),B{y), af)A ^ , ~X(^) ,al1 ^ 



We have 



d?[B,B]c{t 3 = l}, d°[B,B]c{t 5 = l}, 8f[B,B] C {t 4 = 1}, 
df[B,B]c{U = l}, df[B,B](l{U = l}, 



and 



%[B,B] 
d° 3 [B,B] 
dl[B,B\ 
d?[B,B] 
d![B,B] 



m >V {b-VA(y) > all( - v) . 

v d ( \ ab v + 1 , f v 
V B{y) >^m ,all{y) - 

B(y),B(y),^±l,ah(y) 



B{x),n, 



abA{y) 

abx + 1 (b - l)(ac - a + 1) 



B{x),B{c), 



abA(x) ' a(bc - c + 1) 
abx + 1 c — x ~ 



abA(x) ' A(c) 

All these cycles are clearly admissible by our choice of a and S. 
[g, gh, ■ ■ ■] are admissible. 



[ B /fi B ] ■= [g,gh,Sv,q4,al 1 ] = 



B(x) abx + 1 y-x 



(b-l)x' 



We have 



a$[B/f,B] C {t 5 = 1}, d?[B/f,B] C {t 4 = 1}, 
d?[B/f,B] C {t 4 = 1}, d?[B/f,B] C {i 4 = 1}, 
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and 



%[B/f,B] 
d?[B/f,B] 

d° 3 [B/f,B] 

d° 4 [B/f,B] 
d?[B/f,B] 

d° 5 [B/f,B] 



B(y), 



1 Bjy) 
b'(b-l)A(y) 

i y 



b(l-aY A(y) 



ah(y) 
,ah(y) 



opt Df s aby + 1 

g (y)» um \ > al ny) 



b-i 
B(y) 



abA(y) 

5(y) '^y' a/l(y) 



{b-l)y 

B(x) abx + 1 (b- l)(ac-a+ 1) 



{b- l)x'^ abA(x) ' a(6c-c+l) 
afex + 1 c — x 



.(6-l)x' abA{x)' A{c) 

All these cycles are clearly admissible by our choice of a. Then by similar argument 
we can see that 

\g,9h,v,q4,ah], and [g,gh,5,q4,ah] 
are both admissible because we didn't use ts = 1 in the above. 



[B/f,B]i := [g,gh,v,q 4 ,h] 



B(x) abx + 1 y-x . 



(b-l)x 



aA{x) ' 



The same proof as above except whenever we used al\{l/(l — b)) = 1 (namely £5 = 1) 
before we have to use v(l/(l — b)) = 1 now. 



b^, 9, 



are admissible. 



: = \gh,g,6v,S4,ah] 



n< \ *M abx + 1 (b-l)(y-x) 

" 4 77 77-> 7777 7' 777^ . 

(6 - l)y a6v4(x) 



We have 

0?[B,B//]c{t 4 = l}, 9 1 °°[i?,i?//]c{t3 = l}, 9 2 °[ J B, J B//]c{t 5 = l}, 

C {t 5 = 1}, d?[B,B/f] C {t 2 = 1}, 

and 



d?[B,B/f]= B(x),^±±,(l-b)x,a 



d° 3 [B,B/f] 
d?[B,B/f] 



abA(x) 

» B(y) (b-l)(aby + l) 
6'(6-l)y' abBfo) 
B(y) (6-l)A(j/) 



,ah(y) 



ag[B,5//]= S( 



B(c) abx + l (6-l)(c-x) 



(6-l)c' a6A(x)' 5(c) 
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All these cycles are clearly admissible by our choice of a. 



[ B , B /f]' ■= [gh,g,6v,S4/r 4 ,ah] = 



B(x) B{V) abX + 1 x ah(v) 



This a product of two admissible cycles. 



The same proof above works if we notice now that 
d AB,B/f] 

is admissible. 



-,b- l,ah(y) 



(6-1)!/' 6' 



[-B,-B//] 2 := [^,5,v,r 4 ,aZi] = B(x), 



B(y) abx + l (b-l)(y-x) 



(b-l)y' oA(x) ' zfl(y) 



We have 



and 



%[B,B/f] 2 C {i 3 = 1}, %[B,B/f] 2 C {t 5 = 1}, 
d?[B,B/f] 2 C {i 5 = 1}, d?[B,B/f} 2 C {t 2 = 1}, 



%°[B,B/f\ 2 



B(y) ,1-6 , , . 



^[5,B//] 2 

9?[B,B/f] 2 



aA(x) 

M gfa) (l-6)(a6y+l) 
6' (6-1)?/' 

a(6-l)A(j/) 



,ah(y) 



'(fe-l)y' (a-l)S(j/) 



,aZi(y) 



^[B, W ] 2 =k y) ,#^,^±i, ttMy) 



%[B,B/f] 2 = 2?(x 



(6-l)y' aAfc/) 
B(c) a6x + l (6-l)(c-x) 



(6- l)c' abA{x) ' sB(c) 



All these cycles are clearly admissible by our choice of a. The same proof shows that 
[gh, g, 5,r<i, ah] is admissible. 



[B,B/f}' 2 := [gh,g,v,n/w4,ah] = B(x) 



B(y) abx + l (b - l)B(x)(y - 1) 



(6-1)2/' aA(x) ' 



xB(y) 



,ah(y) 
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This is a sum of two admissible cycles: 
„. , B(y) abx + 1 (y-1) , . .i r , . B(y) abx + 1 (b-l)B(x) , . ; 



(5-1)2/' aA(x) ' Bfo) 



(6 — ' aA(x) ' x 



[B,B/f] 3 :=[gh,g,v,W4,ah] = B(x 



B(y) abx + 1 y — x 



(6-1)2/' aA(ar) 



,ah(y) 



We have 

^[B,B//] 3 C {t 3 = 1}, ^[B,B//] 3 C {t 5 = 1}, ^°[B,B//] 3 C {t 2 = 1}, 



and 



d?[B,B/f} 3 



B(y) 



■A 



y 



(6-%' '(l-&)(y-l) 



,ah(y) 



d?[B,B/f] 3 = /;■;,•::. ^-i.^- • 



d?[B,B/f\ 3 



aM(i) ' £(x 
/x gfa) g(l-b)(o6y + l) 
6' (6- l)y' M (y-1) 
A(2/) 



,aZi(y) 



-A* 



'(6-l)yV(l-y) 



,ah(y) 



8 » [B . B//l3 = [ Bfe) ,_^,^±i, ail(!() 

1 a6x + 1 a(c — 1) 



gS°[B,B//] 3 == [B(x), 
d$[B,B/f] 3 =\B(x 



b — 1 ' aA(x) ' c 
£(c) abx + 1 c — x 



(6- l)c' oA(x) ' B(x)(c-1) 



All these cycles are clearly admissible. 



[B,B/f] 4 :=[gh,g,v,w 4 ,h]= B(x), 



B(y) abx + 1 



— x 



(6-1)2/' aA(x) ' J B(x)(2/-l) 



Note that in the above proof for [B,B/f] 3 the choice of a is not essential because 
whenever B(x) = we have (o6x + l)/aA(x) = 1. The same reason shows that 
[gh, g,v,W4, a] is admissible. 



[B,B/f]' 4 := [gh,g,v,w 4 /p4,h] = 


L (6 - 1)2/ aA(x) l-y J 


is a product of two admissible cycles. 


[B,B/f] 5 := [gh,g,v,p4,h] = 


\n(r) B ^ abx + 1 v( x ~y) , , ,-\ 

r [Xh (b-l)y> aA(x) ' A(y)B(xy ll[y) \ 



The proof for [B,B/f] 4 can be adapted here without any change. 
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• [gh, h, ■ ■ ■ ] are admissible. 



[B,f] ■■= [gh,h,5v,s 4 ,ah] 



tm \ (u i\ abx + 1 (b-l)(y-x) 

B{x) ' {b ~ l*Md ' W) ' liv) 



We have 



and 



a?[s,/]c{* 4 = i}, d?[B,f]c{t 3 = i}, d?[B,f]c{u = i}, 

d?[B,f]c{t 5 = l}, d$°[B,f] C{t 4 = l}, 



d° 2 [B,f}=\B(x),^±^,(l-b),:o 



d$[B,B/f] 
d?[B,B/f] 



abA(x) 

V {h - l)v > abB(y) 



d°lBJ]=\B(y),(b-l)y,^±±,ah(y) 



d$[B,f}= B(x),(l-b)c, 



abA(y) 
abx + 1 (b-l)(c-x) 



abA(x) ' B(c) 



All these cycles are clearly admissible. Note that we never use the property of a, 
(namely = 1), so the same proof shows that [gh, h, Sv, q4,h) is admissible. 



[B, /]' := [gh, h, Sv, s 4 /q 4 , h] = B(x), (b - l)y, , ~ ' ll ^ y "> 



This is a product of two admissible cycles. 





[B,f]i := [gh,h,Sv,q 4 ,h] = 




The same proof for [B, f] works. 
• [h, gh, • • • ] are admissible. 




[f,B] := [h,gh,5v,q 4 ,al{\ = 


qJjx -\- \ y — x 
{b 1)X ' B{V) ' abA(xY A(y)> al M 



We have 



d?[f,B]c{t 3 = l}\, d° 2 [f,B]c{t 5 = l}, d?[f,B] C{t 4 = l}, 
df[f,B] C {t 4 = 1}, ^°[/,B] C {t 4 = 1}, 



26 



and 



d° 1 [f,B] = \B(y),l, 1 ^,ah(y) 



d!lf,B] 



6' My) 

I - b aby + l 

-av B{y) >^m Ml{y) 



d%[f,B]=\{b-l)y,B(y),^L±±,ah(y) 



d?[f,B}= (6-l)x,- M) 



a&A(y) 

aox + 1 (6- l)(ac-a + 1) 



0g [/,£] = (6-l)x,S(c), 



a&A(x) a(6c — c + 1) 
a&x + 1 c — x" 



aL4(x) ' A(c) ■ 
All these cycles are clearly admissible by our choice of 6. 



[/■ 0]] :- [li.yh.fir. r/i./i] (6 - l)x, ^7^y , ^TT , *i (v) 



Note that we use the property of a (namely £5 = 1) only for c^Lf, ^] so the same proof 
applies because 



$[/,B]i = (b-l)x, 



ate + 1 £(x) 1 
abA(x) ' — /x ' a 



is clearly admissible. 
• [g, h, ■ ■ ■ ] are admissible. 



[B/f,f] ■= [g,h,6v,q 4 ,h] = 



B(x) abx + l y-x 

( b - l )v> i a, \ » ITT' My) 



(6- 



We have 



and 



C {t 5 = 1}, d?[B/f,f\ C {t 4 = 1}, 
d?[B/f,f\ C {t 4 = 1}, d?[B/f,f\ C {t 4 = 1}, 



&{[B/f,f\ = (6 - 1)2/, -, 



1 



B(y) 



b'{b-l)A{y) 



Mv) 



d![B/f,f] 
d° 4 [B/f,f] 

oriB/fj] 

d$[B/f,f} 



f , -t \ aby+l . ■ 

rr6' (6 - 1)y '^%)' Zl(y) 

g(y) n afey + i , , ; 

(j^y^ h - l ^^m My \ 

B(x) (a-l)(6-l) a&x + l ac - a + 1 
(6- l)x' 
5(x 



(b- l)x 



,(l-6)c 



a ' a6A(x) ' ac 

a&x + 1 c — x" 



a6A(x) ' A(c) 
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All these cycles are clearly admissible. Note that we never use the property of S, 
(namely t$ = 1), so the same proof shows that [g, h, v, q 4 , h] and [g, h, S, q 4 , l±] are 
admissible. 

• [h,g,---] are admissible. 



[f,B/f] := [h,g,Sv,q 4 ,h] = (b - l)x 



B(y) abx + 1 y — x 



(b-l)y> abA{x)> A{y) 



Mv) 



We have 



and 



d?[f,B/f]c{t 3 = l}, d?[f,B/f]c{t 5 
d?[f,B/f]c{t 4 = l}, d?\f,B/f]c{t 2 



1}, 
1}, 



d° 2 [f,B/f] 

#3° LAW] 

d° 4 [f,B/f] 
d?[f,B/f] 
d$[f,B/f] 



B(y) 



l 



V 



(6-l)y'6(l-a)' A(y) 

abx + 1 B(x) 1 



h(y) 



(b-l)x, 

1 



abA(x) ' — fj, ' a 
b B(y) aby + 1 



ab ' (&-l)y' aM(y) 



^ a&y + l 

( & - 1 )i/> 71 TT7T' _l T77^ Mv) 



(b-l)x, 
(b-l)x 



(fr-l)y' a&A(y) 

a& — 6 + 1 a6x + 1 ac — a + 1 ~ 
(a - 1)(6- 1)' abA(x) ' ac - 
S(c) a&x + 1 c — x~ 



(6- l)c' a&A(x) ' A(c) 
All these cycles are clearly admissible. 



[/, B//]' := [h, g, Sv, p 4 /q 4 , h] = (b - l)x 



B(y) abx + 1 —fj, 



(b-l)y abA(x) B(x) 



h(y) 



In the above proof the only place we use q 4 = 1 (namely t 4 = 1) is for d^[f,B/f]. 
However, it's still true in [/, B/f]^ that £4 = 1 if A[x) = 0. Now the only things that 
need checking are 



d° 4 [f,B/f]'c{t 3 = l}, d?[f,B/f}' 



[f,B/f]i := [/i,5,(5t;,p4^i] 



?M abx + l ^(x - y) , , ^ 

1 jX ' (6 - l)y ' a&A(a;) ' A(y)B(x) ' 1 W 



Similar to [/, B/f]' the only things that need checking are 

d^B/f], = d° 4 [f,B/f], d?[f,B/f]i = dr^B/fl + dn^B/f]',. 
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[/,#//] 2 := [h,g,v,p 4 ,h] = 



f b - 1)x *M abx + 1 ^ x ~ y ^ u (v ) 

[ ' ' (b-l)y' aA{x) ' A(y)B(xY 1[V) 



In the above proofs for [f,B/f] and [/, B/ f]i the only place we use the property of 5 
(namely t 3 = 1) for df[f,B/f\. But 



1 



.(6-l)i/'6'(6-l)A(y) 
which is admissible. This shows that [f,B/f]2 is admissible 
[<7, 5, • • • ] are admissible. 



[B/f,B/f] :=\g, 9 ,v,q 4 ,h] 



B{x) B(y) abx + 1 y — x 



(b- l)x' (b- l)y' aA(x) ' A(y) 



Mv) 



We have 



and 



%[B/f,B/f] C {t 3 = 1}, df[B/f,B/f] C {t 5 = 1}, 
d?[B/f,B/f] C {t 4 = 1}, d?[B/f,B/f] C {t 2 = 1}, 



d?[B/f,B/f] 
d° 2 [B/f,B/f] 
d$[B/f,B/f] 
d° 4 [B/f,B/f] 

d?[B/f,B/f] 
d%[B/f,B/f] 



b-l)y>l-a>A( y y h{y \ 
B(x) abx + l B(x) 1 



-(b— l)x' aA(x) ' — fx 'a 
a/j, B(y) aby + 1 



6-1' (6- 1)2/' a6A(y) 



My) 



-B(x) a6 — 6 + 1 a&x + 1 ac — a + 1 
(b-l)x' (a- l)(b- 1)' aA(x) ' ^ 
-B(x) -B( c ) a&x + 1 c — x~ 



L(6- l)x' (6- l)c' aA(x) ' A{c) J ' 
All these cycles are clearly admissible. 



[p , r r, rl i , -B(g) B (v) abx + l //(a - y) • 



In the above proof the only place we use = 1 (namely £4 = 1) is for d^[B/ f, Bj /]. 
However, it's still true in [B/ f, B/ f]i that j?4 = 1 if -A(x) = 0. Now the only things 
that need checking are 

^[B/^B/fh^B/^B/f], 

dnB/f^/fl =d?[B/f,B/f] (if £(x) = then t 3 = !)• 
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[B/f,B/f][ := [g,g,v,p 4 /q4,h] 



B(x) B(y) abx + 1 -/x 



(6- l)x' (b- l)y' aA(x) ' B(x) 



My) 



In the above proof the only place we use 54 = 1 (namely £4 = 1) is for <9g°[-B / /, B / /]. 
However, it's still true in [B/f,B/f]s that £4 = 1 if A(x) = 0. Now the only things 
that need checking are 

d° 4 [B/f,B/f}[ C {h = 1}, dnB/f,B/f}[ C {i 3 = I}- 
• [h, h, 5v, q4,li] is admissible. 



[/,/] : = [h,h,Sv,q 4 ,h] = 



We have 



0f[/,/]c{*3 = l}, $[/,/] C{t 5 = l}, ^°[/,/]c{t4 = l}, 

^°[/,/]c{t 4 = l}, d?\f,f\ c{U = l}, 



and 



5? [/,/]= 



6(1 - a) 'A(y) 



Mv) 



d![f,f] 



1-6 a6y + 1 , , 

Ab-l)y,—rTr-r,h(y) 



ab 



abA(y) 



d°,[f, f] = \(b - l)y, (6 - l)y, li(y) 



5 4 °°[/,/] 



l)x, 



abA(y) 

(a — 1)(6 — 1) abx + 1 ac — a + 1 



[/,/]= (6-l)x,(l-6)c, 



a ' a6A(x) ' 

abx + 1 c — x 



ac 



a6A(x) ' A(c) 



All these cycles are clearly admissible. Note that we didn't use t± = 1 or i 2 = 1 hi the 
above so the same argument implies that 

[b-l,h,5v,q4,h], [h,b - l,Sv,q 4 ,h], [b - 1, 6 - 1, Sv, 04, Zi] 
are all admissible. So we get 

a6x + 1 y — x 



[h,h,5v,q 4 ,h 



x,y, 



abA(x) ' A(y) 



My) 



(21) 



Step (8). Computation of Y3 + I4. 

Claim 8.1. Under non-degeneracy assumption 



Y> - 



(l-b)x {i _ h) ^ahM^ ab{y-x) My) 



B(x) 



abx + 1 ' aby + 1 



Y' 
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We have 



and 



Y' - 
r 31 — 



( x ~ h ) x n u\ aA ^ ab (y ~ x ) i < \ 



L B(x) 



afcc + 1 ' aoy + 1 



c {H = 1}, ^'i c {h = 1}, « c {U = 1}, 
c {U = 1}, c {t A = 1}, 



°l r 31 



^'l 



°4 r 31 



a 4 r 31 



(1 - b)y, I - a, 



aby 



aby + 1 



h{y) 



( a -1)(1- 6) Q bA(y) 

I 1 -%> m i p fa(y) 



ao - 6 + 1 
(l - % 



aoy + 



(1 — b)x 6—1 aA(x) ac — a 



B(x) ' 
(1 - b)x 



ab abx + 1 ac — a + 1 . 

aA(x) ao(y 2 - z) 

(1 - 0)3/2, 



.B(x) ' v /a ^'a6x + l' a6t/2 + 1 
All these cycles are clearly admissible. For the last one, we need (13). 



r 31 



(1 — b)x , . ab(y — x) , . . 

; -,(1-6)3/, 6, ^ < / ,Z 2 (y) 



B(x) 



a6y + 1 



In the above proof for there is only one place where we used t% = 1, namely for df 3 . 
But 



a6£(y) 



(6-l)(a6j/ + l) 
which is admissible because if B(y) = then (1 — b)y = 1. 



Mv) 



Y' 
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(1 - b)x abA(x) aby + 1 



B(z) 



a6x + 1 ' abA(y) 



V' 



This is a product of two admissible cycles. From the above we get 

^31 = ^31 + ^32 = ^31 + ^32 + ^31 : 

Claim 8.1 is proved. 

Claim 8.2. Under non-degeneracy assumption 



Y' 
r 41 



n _ m Q - b ^ v qM(x) ( ab - b + l )(v- x ) , < n 

1 JX ' B(y) 'abx + V (aby + l)B(x) ,2[V> . 



Y' 



Yl 



41 



n _ m aA(x) (o&-fc + i)(y-x) , , v 

^ (i-6) y 'o6x + l' (a6y + i)B(x) '™. 
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We have 

$n'ic{* 4 = i}, «c{f 5 = i}, ^y^ c {u = i}, « c {t 4 = i}, 

and 



a 3 r 41 



c 4 r 41 



o 4 r 41 



(a6-6 + l)j/ 
> 1 - o, ; — — — , h(y) 



(1 - b)y 
B(y) 1 



a6y + 1 
ab - b + 1 



(l-6)y'6'(l-6)(o6y + l) 
(o-l)(l-6) aA(y) 



a ' (1 — 6)y' a&y + 1 



,i 2 (y) 
,i 2 (j/) 



(l-6)x, 
(l-6)x, 



(l-6)y'a6j/ + l' 
afr — 6 + 1 aA(x) ac — a 



6 — 1 ' a&x + 1 ' ac — a + 1 
5(1/2) a-A(x) (a&-& + l)(jft-x) 



(l-6)y 2 a&x + l' (a6y 2 + l)S(x) 
All these cycles are clearly admissible. For the last one, we need (13) and (10). 



Y" 



n h\ B ^ h (ab-b+l)(y-x) 
(1 - 6K (T^' 6 ' (aby + l)B(x) My) 



In the above proof for Y 41 we didn't use £3 = 1 so the same proof is still valid. 



^42 — 



B(y) abA{x) aby + l 

(1 - 6)s '(rr%'ateTT'^%T' Z2(y) 



This is a product of two admissible cycles. From the above we get 
Claim 8.2 is proved. 

Claim 8.3. Under non-degeneracy assumption 

y 3 ' + Yi = y 3 + n. 

First it is not hard to show all the following cycles are admissible and negligible: 



Y 31 = 

y 41 = 

y?2 = 
y 42 = 



, ! n a&x + 1 y - x 
" 1 ' (6 - 1)y '^^'^ 2(y) 

(*-D*,-i,^,-fe^,fa(y) 



(l-b)x' 4 ' aA(x) ' A(y) 

-B(y) a&x + 1 fx(x — y) 



aA(x) ' A(y)B(x 
abx + 1 y — x 



h(y) 



'(!-%' aA(x) , A(y)B(x) 



My) 
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Then by Lemma 3.2(ii) we have 

v'.v' r B ( x ) tu u abx + l fi(x - y) 

Y * +Y *= I (T^' {b ~ ~^Mx)' mwr h{y) 

Jn> t\ B ^ abx + 1 K%-y) 7 / \ 

+ r " 1)x ' ir^% ' -zm* mm* h{y) 

=y 3 + y 4 + y 31 + y 4 i 
=y 3 + y 4 . 

Claim 8.3 is proved. 

Step (9). Final decomposition of {&(c)} into Tj(F)'s. 



+ y 32 
+ y 2 



T 1 (^)= A(a;),A(y),— ,V4,e 1 (A)Z 1 (y)l, 



x ' A(y) 



ac — a + 1 



We have 



and 



d^T 1 (A)c{U = l}, a i °°T 1 (^)c{t 3 = l}, ^Ti(A) C {i 5 = 1}, 
d%°Ti(A) c {t 4 = 1}, dTTM) c {t 5 = 1}, d^T^A) c {t 4 = 1}, 



9 3 °T 1 (A)= [±, ^(y),^,^)^) 



dfTi{A) = 



dtTM)= A(y),A(y),Z ,s 1 (A)l 1 (y) 



dlTM)= A(x),A(c), 



x — 1 c — X 



x ' A(c) 



All these cycles are clearly admissible. 



T 2 {A) = A(x),A( y ),^,y-^,s 2 (A)l 2 (y)], e 2 (A) = °' " " ' ' 



x ' A(y) 



ac 



The above proof mostly is still valid because e 2 {A)l 2 ({a — l)/a) = 1 except that 



dlT 2 (A)= A(x),A(y 2 ), 



x - I y 2 - x 



d?T 2 (A)= A(x), 



x ' A(y 2 ) 
/j, x — 1 B(x 



b — 1 ' x ' — 



which are both admissible. 



Ts(A) = 



eM) = 



ac 



ac — a + 1 
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We have 

3?T 3 (A) c {U = 1}, d?T 3 (A) c {t 3 = 1}, 9 2 °T 3 (A) c {t 5 = 1}, 9 2 °°T 3 (^) C {t 4 
a|°T 3 (A) C {t 4 = 1}, d?Tz(A) C {t 5 = 1}, d?T 3 (A) C {i 4 = 1}, 



and 



All these cycles are clearly admissible. 



UA) 



e2(A) = 



ac — a + 1 



ac 



The above proof mostly is still valid because e 2 l 2 {(a — !)/«) = 1 except that 



<9 5 T 4 (A) = A(x),A(y 2 ), 



abx + 1 y 2 — x 



d^T 4 (A)= A(x) 



abA(x) A(y 2 ) 
(i abx + 1 B(x) 



b — 1 ' a&A(x) ' — jJL 



which are both admissible. 
Next we need to prove 



A(x) A(y) x — 1 y — x 



Ay) 



x y ' x ' yB(x) 
A(x) A(y) (l-a)(x-l) y-x 



x y 



A(x) A(y) x - 1 x 

, , , i — Ay) 

x y x y 



Ay) 



A(x) A(y) x — 1 y — x 



L x y 



x 



y 



Ay) 



The only non-trivial boundaries are 

1-a A{y) y-1 



d»Z> 3 {A) 



a y 



Ky) 



%z> M ) = [^^ y —Ay) 



y y 



d!z' 3 (A) 



A(x) A(c) x — 1 c — xi \A{x) A(y 2 ) x — 1 y 2 — x 



+ 



L x y 2 



x 



2/2 



which are all admissible. 
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Zg{A) = 


rA(x) 


m 

y 


x >B(xy l{y) \ 


It's admissible because B(0) = 1. 




Z's(A) = 


rA(x) 

- X 


My) 
y 


1 y~ x u <\ 

1 a, 

y 1 



It's admissible because 1(0) = 1 and /((a — I) /a) 



A(x) A(y) (l-a)(x-l) 



y 



i--,ii(y) 



With the non-degeneracy assumption we have 



A 



C {/* - !}■ ' ' (y) C{t 4 = l}, 9|°Ti 

An 



7 

'A- 



C{t 



f 



and 



A(x) (l-a)(x-l) aA(x) ac-c+1 



5?^ 



7 
7 



(7) 



l x x 1 — a 

I- a A(y) y - 1 

, , ,My) 

a y y 

My) My) (l- a )(y-l) 

y ' y y 

A(x) A(c) (l-a)(x-l) 



ac 



,My) 



L X 



,1- 



All these cycles are clearly admissible. 



/A\ rA(x) (l-a)(x-l) x 
j 21-tJ= , , ,1 ,k 

\ J / l X V X V 



(y) 



The above proof mostly is still valid because ^(0) = 1 except that 



A 
1 



A(x) A(y 2 ) (l-q)(x-l) _ x_ 



x y2 x 
A(x) (l-a)(x-l) 



IJ2 



-/V 



x 



,5(x) 



which are both admissible since B(0) = 1. 
From (21) we have 



[h,h,Sv,q4,h] 



abx + 1 y - x 

x > y >^bMx)'My) My) 
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It is clear that 



abx + 1 y 



Mv) 



x,y, 



abA(x) ' A{y) 



is admissible by Zi (0) = 1. So we have 



[h,h,5v,q 4 ,h] = x,y, 



abx + 1 y — x 



Mv) 



abA(x) ' y 



which is also admissible. 

Step (10). Final computation of {k(c)}. 

We have shown in the above everything in this step is admissible. This completes the 
admissibility check of our main paper [Main] . 
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